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ABSTRACT
Magnetic fields in galaxies and galaxy clusters are amplified from a very weak seed value to
the observed µG strengths by the turbulent dynamo. The seed magnetic field can be of pri-
mordial or astrophysical origin. The strength and structure of the seed field, on the galaxy or
galaxy cluster scale, can be very different, depending on the seed-field generation mechanism.
The seed field first encounters the small-scale dynamo, thus we investigate the effects of the
strength and structure of the seed field on the small-scale dynamo action. Using numerical
simulations of driven turbulence and considering three different seed-field configurations: 1)
uniform field, 2) random field with a power-law spectrum, and 3) random field with a parabolic
spectrum, we show that the strength and statistical properties of the dynamo-generated mag-
netic fields are independent of the details of the seed field. We demonstrate that, even when the
small-scale dynamo is not active, small-scale magnetic fields can be generated and amplified
linearly due to the tangling of the large-scale field. In the presence of the small-scale dynamo
action, we find that any memory of the seed field for the non-linear small-scale dynamo gen-
erated magnetic fields is lost and thus, it is not possible to trace back seed-field information
from the evolved magnetic fields in a turbulent medium.
Key words: turbulence – MHD – dynamo – galaxies: magnetic fields – galaxies: clusters:
general – methods: numerical
1 INTRODUCTION
Magnetic fields are observed in astrophysical systems over a large
range of scales, starting from solar-system planets to the largest
gravitationally bound structures, clusters of galaxies. Magnetic
fields, in most of these systems, are believed to be amplified and
then maintained by a turbulent dynamo mechanism, which is the
key mechanism to convert turbulent kinetic energy into magnetic
energy (Widrow 2002; Brandenburg & Subramanian 2005; Kulsrud
& Zweibel 2008; Federrath 2016; Rincon 2019). The exponential
growth of the magnetic field caused by dynamo action is deter-
mined by the induction equation. However, the induction equation
does not have a source term for magnetic fields. Instead, it can only
amplify a pre-existing magnetic field. Thus, one requires a seed
field, even if it is very weak, to explain the presence of magnetic
fields in astrophysical objects. The turbulent dynamo then ampli-
fies the weak seed field, to produce the µG field strength (magnetic
energy in near equipartition with the turbulent kinetic energy) ob-
served in galaxies (Beck 2016) and galaxy clusters today (Carilli &
Taylor 2002; Govoni & Feretti 2004). The near equipartition (de-
pending on the parameters of the study and the nature of the tur-
bulent driving) magnetic fields are also shown recently via small-
scale turbulent dynamo experiments with laser-induced plasma tur-
bulence (Tzeferacos et al. 2018).
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The origin of the seed magnetic fields may be primordial
or astrophysical. Primordial magnetic fields can be generated in
the early Universe during inflation or various phase transitions
(Widrow et al. 2012; Durrer & Neronov 2013; Subramanian 2016).
However, whether such a field survives to act as a seed for the dy-
namo in galaxies and galaxy clusters is still not clear. Even if such a
field survives, it can only serve as a seed field, because primordial
fields cannot explain the observed field strengths in the present-
day galaxies and galaxy clusters (primordial fields decay due to
turbulent diffusion and also by winds in case of galaxies 1, and
they might also evolve and generate turbulence; Brandenburg et al.
(2015)). Astrophysical seed fields can be generated due to the Bier-
mann battery mechanism (generation of weak magnetic fields due
to charge separation between electrons and ions; Biermann 1950),
due to ejecta from astrophysical bodies, and through plasma insta-
bilities. The Biermann battery mechanism can occur during cosmic
reionization (Subramanian et al. 1994; Gnedin et al. 2000; Langer
& Durrive 2018), during the formation of the large-scale structure
(Kulsrud et al. 1997a), and in proto-galaxies (Kulsrud et al. 1997b;
Davies & Widrow 2000). Fields expelled from astrophysical ob-
1 In spiral galaxies, the magnetic field is also lost via a flux expulsion mech-
anism (Weiss 1966; Moffatt 1978; Gilbert et al. 2016) however, this turns
out to be less efficient compared to the decay of magnetic fields via turbu-
lent diffusion and galactic winds (Sec. 1.5 in Seta 2019).
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jects, such as from the first stars and from active galactic nuclei
(AGN), can also act as astrophysical seed fields (Rees 2005). The
Weibel instability, which is the generation of magnetic fields due to
counter-streaming plasma, can also give rise to seed fields (Schlick-
eiser & Shukla 2003).
Given this variety of mechanisms, it is clear that the seed
fields generated by different processes have very different strengths
and coherence lengths (Subramanian 2019). For example, on the
scale of a galaxy (∼ 10 kpc) or galaxy cluster (∼ Mpc), the seed
field generated during inflation or structure formation can be fairly
uniform or can have smaller correlation lengths of the order of
1 kpc (this depends on the inflation model, see Sharma et al. 2017,
2018, and references therein), whereas seed fields generated by the
Weibel instability have an extremely small coherence length (∼ ion
skin-depth ∼ 10−8 pc). It is not clear whether these different seed
fields might have an effect on the final amplified fields, in partic-
ular with respect to their amplitude and spatial distribution. In this
paper, we therefore study the role of the strength and structure of
the seed magnetic fields on the turbulent small-scale dynamo.
1.1 Turbulence and dynamos
In galaxies, turbulence can be driven on a wide range of scales,
and by a variety of physical mechanisms (Mac Low & Klessen
2004; Elmegreen 2009; Krumholz & Burkhart 2016; Federrath
et al. 2017; Krumholz et al. 2018). On large scales, interstellar
turbulence is likely driven by supernova explosions with a driving
scale l0 ∼ 100 pc, roughly equal to the size of a supernova remnant
(also seen in observations; Haverkorn et al. 2008). In case of galaxy
clusters, the turbulence can be driven by merger shocks, galaxy mo-
tions, and AGN outflows and the cluster magnetic field can also be
explained by the small-scale dynamo action (Ruzmaikin et al. 1989;
Schekochihin & Cowley 2006).
In spiral galaxies, the observed magnetic field, based on the
driving scale of turbulence l0, is usually divided into small-scale
(correlation length < l0) and large-scale (correlation length > l0;
usually a few kpc) magnetic fields. Consequently, dynamos are
also divided into small-scale and large-scale dynamos, generating
small-scale and large-scale magnetic fields, respectively. The am-
plification due to the small-scale dynamo is physically explained
by stretching (Vai˘nshtei˘n & Zel’dovich 1972; Schekochihin et al.
2004; Seta et al. 2015; Seta et al. 2020) or compressing (Feder-
rath et al. 2011, 2014; Federrath 2016) of magnetic field lines. The
small-scale dynamo quickly amplifies the weak seed field within
a few turbulent turnover times (∼ 107 yr in spiral galaxies) to
strengths comparable to the turbulent kinetic energy. The dynamo
then saturates due to back-reaction by the Lorentz force. When the
saturation has happened, the small-scale dynamo maintains the cur-
rent energy level of the magnetic field.
After the small-scale dynamo has saturated, the large-scale
(or mean-field) dynamo can order the small-scale dynamo ampli-
fied magnetic field into an even stronger large-scale magnetic field
(Ruzmaikin et al. 1988; Beck et al. 1996). This large-scale dynamo
requires large-scale differential rotation and/or density stratification
(Krause & Rädler 1980; Ruzmaikin et al. 1988; Beck et al. 1996;
Shukurov & Sokoloff 2008), both of which are general features of
accretion discs, such as proto-stellar and proto-planetary discs, as
well as galactic discs.
Since the seed field first encounters the small-scale dynamo,
we here focus on determining the role of the strength and structure
of the seed field for the turbulent small-scale dynamo.
1.2 Previous work on the small-scale turbulent dynamo
The small-scale dynamo has been studied extensively, both in
theoretical works (Batchelor 1950; Kazantsev 1968; Zeldovich
et al. 1990; Kulsrud & Anderson 1992; Subramanian 1999,
2003; Boldyrev & Cattaneo 2004; Schekochihin & Kulsrud 2001;
Schober et al. 2012a,b; Bhat & Subramanian 2014; Schober et al.
2015; Martins Afonso et al. 2019) and via idealised numerical sim-
ulations (Meneguzzi et al. 1981; Cattaneo 1999; Haugen et al.
2004; Schekochihin et al. 2004; Cho & Ryu 2009; Cattaneo &
Tobias 2009; Bushby et al. 2010; Federrath et al. 2011; Favier &
Bushby 2012; Sur et al. 2012; Beresnyak 2012; Bhat & Subrama-
nian 2013; Cho 2014; Federrath et al. 2014; Bushby & Favier 2014;
Sur et al. 2018; Seta et al. 2020). Recent cosmological simulations
also show signatures of the small-scale dynamo action in galaxies
(Pakmor et al. 2017; Rieder & Teyssier 2016, 2017a,b) and galaxy
clusters (Vazza et al. 2018; Marinacci et al. 2018; Domínguez-
Fernández et al. 2019).
Most studies tend to explore the strength, spectra, and struc-
tural properties of the dynamo-generated fields and their coupling
with the turbulent velocity fields. The main conclusions from pre-
vious works are that, if the magnetic Reynolds number (Rm) is
greater than its critical value (which depends on the properties of
the velocity flow and magnetic resistivity)
• the magnetic field first grows exponentially (kinematic stage)
from the seed field and then saturates (saturated stage),
• the magnetic field power spectra seem to follow a power law
with an exponent 3/2 in the kinematic stage (Kazantsev 1968),
• the magnetic field is more volume filling in the saturated stage
as compared to the kinematic stage.
All previous simulations consider either a uniform or tangled seed
magnetic field. Here we present a systematic study of the effects of
different strengths and structures of the seed magnetic field.
In Sec. 2, we describe our numerical model, and in Sec. 3
we determine the effects of the strength and structure of the seed
magnetic field on the turbulent small-scale dynamo. We discuss our
results in Sec. 4, and conclude in Sec. 5.
2 SIMULATION METHODS
2.1 Basic equations
We solve the equations of compressible magnetohydrodynamics
(MHD) in three dimensions for an isothermal gas using a modi-
fied version of the FLASH code (Fryxell et al. 2000; Dubey et al.
2008), version 4, on a uniform, triply periodic grid with a constant
viscosity and resistivity,
∂ρ
∂t
+ ∇ · (ρu) = 0, (1)
∂(ρu)
∂t
+ ∇ ·
(
ρu ⊗ u − 1
4pi
B ⊗ B
)
+ ∇
(
c2s ρ +
B2
8pi
)
=
∇ · (2νρS) + ρF, (2)
∂B
∂t
= ∇ × (u × B) + η∇2B, (3)
∇ · B = 0, (4)
where ρ is the gas density, u is the velocity, B is the magnetic field,
cs is the constant speed of sound, ν is the viscosity, η is the resis-
tivity, Si j = (1/2)
(
vi, j + vj,i − (2/3)δi j∇ · v
)
is the rate of strain
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tensor and F is the turbulent acceleration field. Throughout the pa-
per, the total field is referred to as B, the mean field as B0, and the
small-scale random field as b.
2.2 MHD solver, turbulent driving, and Reynolds numbers
We use the HLL3R Riemann solver (Bouchut et al. 2007, 2010;
Waagan et al. 2011) to solve the above equations. We drive turbu-
lence in the numerical domain of size L with 5123 grid points using
F (in Eq. 2) modelled as an Ornstein-Uhlebeck process in Fourier
space (Eswaran & Pope 1988; Federrath et al. 2010). The flow is
driven at wavenumbers 1 ≤ kL/2pi ≤ 3 (the wavenumbers in each
direction kx, ky, and kz are chosen to be integers to ensure period-
icity but the resulting k = (k2x + k2y + k2z )1/2 need not be an integer)
with a parabolic function for the power that peaks at kL/2pi = 2
and reaches zero at kL/2pi = 1 and kL/2pi = 3. Thus, the driving
scale of the turbulence is approximately equal to L/2. For turbu-
lence driven by supernova explosions in the ISM of spiral galax-
ies, the driving length scale is roughly around 100 pc. We select
the auto-correlation timescale for F as the eddy turnover time t0 of
the flow with respect to the driving scale, i.e., t0 = (L/2)/ urms,
where urms is the root mean square of the velocity field. In the ISM
of spiral galaxies, urms ' 10 km s−1 (Mac Low & Klessen 2004;
Shukurov 2004) and thus t0 ≈ 50 pc/10 km s−1 ' 0.5 × 107 yr. We
drive only solenoidal modes and chose the strength of the forcing
function to reach a (statistically steady) turbulent Mach numbers
M = urms/cs = 0.1 and 10. At a given Mach number, solenoidal
modes maximize the efficiency of the small-scale dynamo and the
growth rate decreases on increasing the Mach number (Federrath
et al. 2011, 2014; Martins Afonso et al. 2019). We use the same
forcing function for all our simulations.
We define the Reynolds number (Re) and the magnetic
Reynolds number (Rm) in terms of the rms velocity urms and the
driving scale (L/2) of turbulence, as
Re =
urmsL
2ν
and Rm =
urmsL
2η
. (5)
These values then determine the magnetic Prandtl number Pm =
Rm/Re. For our dynamo simulations, we set Pm ≥ 1 to maximize
the efficiency of the small-scale dynamo action (Boldyrev & Cat-
taneo 2004; Iskakov et al. 2007; Federrath et al. 2014; Branden-
burg et al. 2018). The critical magnetic Reynolds Rm(crit) above
which the magnetic fields grows exponentially is approximately
165Pm−1/2 at M = 0.1 (Haugen et al. 2004). We choose Re =
2000(ν = 2.5 × 10−5) and Rm = 2000 (η = 2.5 × 10−5), 3000 (η =
1.67 × 10−5), and 100 (η = 5 × 10−4;Rm < Rm(crit)) for our runs.
2.3 Seed fields, initial conditions, and simulation parameters
Initially, we prescribe a constant density ρ (t = 0) and u = 0 at each
grid point in the numerical domain. The density does not change
much throughout the simulation for the low-Mach number simula-
tion (M = 0.1). In contrast, the supersonic run (M = 10) develops
strong shocks and steep density gradients (Federrath 2013).
For the seed magnetic field, we use three different setups with
the same total magnetic field strength,
• B0 , 0, Uni: non-zero seed mean field, which is modelled as
a uniform magnetic field throughout the domain along the z direc-
tion, i.e, Mk (kL/2pi = 0) = N , where N is a constant.
• B0 = 0, PL: small-scale random field with zero mean field
and power at a range of scales, which is modelled by generating
random magnetic fields with a power-law magnetic spectrum (slope
chosen to be 3/2, motivated by the Kazantsev spectrum, Kazantsev
(1968)), i.e., Mk (2 ≤ kL/2pi ≤ 20) = Nk3/2, and
• B0 = 0, Par: small-scale random field with zero mean field
B0 = 0 and localised magnetic power at small scales, which is
modelled by generating random magnetic fields with a parabolic
magnetic spectrum, i.e., Mk (19 ≤ kL/2pi ≤ 21) = N(1− (k − kc)2)
with a peak at the critical wave number kc = 20(2pi/L).
The constant N is chosen such that required seed field strength (or
initial Alfvén Mach number) is achieved. Fig. 1(a) shows the com-
puted magnetic power spectrum for random seed magnetic fields
and for B0 = 0, PL case the slope of power-law magnetic spectrum
is 1.53 ± 0.06, very close to the input value of 1.5. The probabil-
ity distribution function (PDF) of the normalised magnetic field z
component bz/ brms for all three seed magnetic fields in shown in
Fig. 1b. The PDF for random seed fields is very close to a Gaussian
distribution with zero mean and one-third standard deviation. Both
random fields have a different coherence length `b , defined by (in
term of the numerical domain size, L)
`b/L =
∫ ∞
0 k
−1Mk dk∫ ∞
0 Mk dk
. (6)
For B0 = 0, PL, `b/L = 0.08, and for B0 = 0, Par, `b ' 1/20 =
0.05. The strength of the seed magnetic field Brms(t = 0) is cho-
sen to reach Alfvén Mach number, MA(t = 0) = (4piρ (t =
0))1/2 urms/ Brms(t = 0) = 3.5 × 105 and 3.5 × 104.
Table 1 gives the parameters of our simulations runs. Runs 1
(Uni), 2 (PL), and 3 (Par) are our base runs with B0 , 0, Uni, B0 =
0, PL, and B0 = 0, Par seed magnetic fields and other parameters as
M = 0.1,MA(t = 0) = 3.5×105, β(t = 0) = 2.5×1013,Re = 2000,
and Rm = 2000. We then vary each parameter for all three seed
fields and this change from the base runs is also reflected in the
simulation name. For example, when the Rm is changed to 3000,
the simulation name is UniRm3000, PLRm3000, and ParRm3000
for B0 , 0, Uni, B0 = 0, PL, and B0 = 0, Par seed magnetic fields.
We run each simulation until the magnetic fields reaches a statisti-
cally steady state, which for this set of parameters is approximately
100t0 for dynamo runs and 20t0 when Rm < Rm(crit) with non-zero
mean seed field, where t0 is the eddy turnover time.
Throughout the paper we use non-dimensional units to de-
scribe physical quantities: lengths in units of the numerical do-
main length L, time in units of the eddy turnover time t0, speeds
in units of the sound speed cs (or Mach number, M), density in
terms of the initial density ρ (t = 0), the magnetic field in units
of (4piρ (t = 0)c2s )1/2 (or Alfvén Mach number, MA), and all
the diffusivities in units of csL. The actual numbers can be scaled
depending on the physical situation (chosen density and tempera-
ture of the turbulent medium). For example, for the warm phase
(which has the maximum volume filling fraction) of the ISM in
spiral galaxies (temperature ≈ 104 K, Hydrogen number density
≈ 10−1 cm−3), L ' 100 pc, t0 ' 0.5 × 107 yr, cs ' 10 km s−1,
ρ (t = 0) ' 10−25 g cm−3, (4piρ (t = 0)c2s )1/2 ' 10−10 G, and
csL ' 3 × 1026 cm2 s−1. For results with non-zero seed mean
field (B0 , 0, Uni), we subtract the mean seed field B0 from the
dynamo-generated field B to obtain the small-scale random field b
with mean zero, which is the focus of this study. However, since the
mean-field energy is orders of magnitude smaller than the energy in
the dynamo-generated small-scale field, whether or not we subtract
the mean field does affect any of our results.
MNRAS 000, 1–11 (2020)
4 Seta and Federrath
101
k
10−15
10−14
10−13
10−12
M
k
(a)
B0 = 0,PL
B0 = 0,Par
k1.53± 0.06
−3 −2 −1 0 1 2 3
bz/brms
10−5
10−4
10−3
10−2
10−1
100
P
D
F
(b)
B0 6= 0,Uni
B0 = 0,PL
B0 = 0,Par
N (0, 1/3)
Figure 1. (a) Magnetic power spectrum for random seed fields (with the mean field B0 = 0): the seed field with a power-law (B0 = 0, PL) spectrum having a
slope of 3/2 (dashed, black) in the range of wave numbers 2 ≤ kL/2pi ≤ 20 (dashed, red) and the seed field with a localised (in k space) parabolic (B0 = 0,
Par) spectrum in the range 19 ≤ kL/2pi ≤ 21 with a peak at kL/2pi = 20 (dotted, magenta). (b) The probability distribution function (PDF) of the normalised
z component bz/ brms of the seed magnetic field for all three cases: uniform magnetic field B0 , 0, Uni (solid, blue), B0 = 0, PL (dashed, red), and B0 = 0,
Par (dotted, magenta). The random fields follow a Gaussian distribution N with mean 0 and standard deviation 1 (dashed, black).
Table 1. Summary of the main simulation parameters. Note that all simulations are done in a computational domain of size L3 and with 5123 mesh points.
In all cases, the flow is driven on large scales (1 ≤ kL/2pi ≤ 3) and the fluid Reynolds number is set to be Re = urmsL/(2ν) = 2000, where urms is the
rms velocity and ν is the viscosity. The columns in the table are as follows: 1. simulation name, 2. type of seed field, 3. power spectrum of the seed field,
Mk (t = 0), where N is a constant chosen to achieve the required seed field strength (or initial Alfvén Mach number) and for the case of the parabolic seed
field, the power peaks at the critical wave number, kc = 20 (2pi/L), 4. Sonic Mach number, M = urms/cs, where cs is the sound speed, 5. Alfvén Mach
number,MA(t = 0) = (4piρ (t = 0))1/2 urms/Brms(t = 0), where ρ (t = 0) is the initial constant density and Brms(t = 0) is the initial rms total magnetic field
strength, 6. initial plasma beta, β(t = 0) = (pthermal/pmagnetic)t=0 = c2s ρ (t = 0)/(B2rms(t = 0)/8pi), 7. magnetic Reynolds number, Rm = urmsL/(2η), where
η is the resistivity, 8. the computed exponential growth rate (except for run no. 13 with Rm < Rm(crit) for which the growth is linear), Γ, in units of 1/t0 ,
9. the final statistically saturated magnetic field energy with respect to the kinetic energy, Em/Ek, and 10. the final statistically saturated amplification factor,
Em/Em0. The errors reported in the calculated quantities (8., 9., and 10.) represent the maximum of the computed fitting and systematic errors for each case.
Simulation name Seed field Mk (t = 0) M MA(t = 0) β(t = 0) Rm Γ (1/t0) Em/Ek Em/Em0
1) Uni uniform Mk (kL/2pi = 0) = N 0.1 3.5 × 105 2.5 × 1013 2000 0.64 ± 0.03 (3.5 ± 0.5) × 10−1 (3.0 ± 0.3) × 1010
2) PL random Mk (2 ≤ kL/2pi ≤ 20) = Nk3/2 0.1 3.5 × 105 2.5 × 1013 2000 0.65 ± 0.02 (3.3 ± 0.9) × 10−1 (2.9 ± 0.5) × 1010
3) Par random Mk (19 ≤ kL/2pi ≤ 21) = N (1 − (k − kc)2) 0.1 3.5 × 105 2.5 × 1013 2000 0.69 ± 0.03 (3.3 ± 0.4) × 10−1 (2.9 ± 0.3) × 1010
4) UniMA35000 uniform Mk (kL/2pi = 0) = N 0.1 3.5 × 104 2.5 × 1011 2000 0.67 ± 0.03 (3.2 ± 0.6) × 10−1 (2.8 ± 0.3) × 108
5) PLMA35000 random Mk (2 ≤ kL/2pi ≤ 20) = Nk3/2 0.1 3.5 × 104 2.5 × 1011 2000 0.64 ± 0.08 (2.5 ± 0.5) × 10−1 (2.4 ± 0.3) × 108
6) ParMA35000 random Mk (19 ≤ kL/2pi ≤ 21) = N (1 − (k − kc)2) 0.1 3.5 × 104 2.5 × 1011 2000 0.69 ± 0.01 (2.7 ± 0.6) × 10−1 (2.5 ± 0.4) × 108
7) UniRm3000 uniform Mk (kL/2pi = 0) = N 0.1 3.5 × 105 2.5 × 1013 3000 0.90 ± 0.06 (3.1 ± 0.5) × 10−1 (2.7 ± 0.4) × 1010
8) PLRm3000 random Mk (2 ≤ kL/2pi ≤ 20) = Nk3/2 0.1 3.5 × 105 2.5 × 1013 3000 0.92 ± 0.05 (3.6 ± 0.7) × 10−1 (2.9 ± 0.4) × 1010
9) ParRm3000 random Mk (19 ≤ kL/2pi ≤ 21) = N (1 − (k − kc)2) 0.1 3.5 × 105 2.5 × 1013 3000 0.88 ± 0.02 (3.5 ± 0.9) × 10−1 (3.1 ± 0.5) × 1010
10) UniMS10 uniform Mk (kL/2pi = 0) = N 10 3.5 × 105 2.5 × 1013 2000 0.61 ± 0.04 (3.6 ± 0.9) × 10−2 (4.7 ± 1.1) × 1013
11) PLMS10 random Mk (2 ≤ kL/2pi ≤ 20) = Nk3/2 10 3.5 × 105 2.5 × 1013 2000 0.62 ± 0.03 (3.6 ± 0.5) × 10−2 (4.4 ± 0.7) × 1013
12) ParMS10 random Mk (19 ≤ kL/2pi ≤ 21) = N (1 − (k − kc)2) 10 3.5 × 105 2.5 × 1013 2000 0.59 ± 0.06 (4.7 ± 0.7) × 10−2 (6.0 ± 0.9) × 1013
13) UniRm100 uniform Mk (kL/2pi = 0) = N 0.1 3.5 × 105 2.5 × 1013 100 4.74 ± 0.01 (6.6 ± 0.9) × 10−11 9.5 ± 1.0
14) PLRm100 random Mk (2 ≤ kL/2pi ≤ 20) = Nk3/2 0.1 3.5 × 105 2.5 × 1013 100 decaying ∼ 0 ∼ 0
15) ParRm100 random Mk (19 ≤ kL/2pi ≤ 21) = N (1 − (k − kc)2) 0.1 3.5 × 105 2.5 × 1013 100 decaying ∼ 0 ∼ 0
3 RESULTS
3.1 Time evolution of dynamo amplification
First, we show the results for our standard set of runs: Uni, PL, and
Par. Fig. 2(a) shows the evolution of the magnetic field energy for
all three seed-field cases. After the initial transient phase (t/t0 ≥
3), the magnetic field for all three cases, first grows exponential
(kinematic stage) with very similar growth rate (≈ 0.66/t0) and
then achieves a statistically steady state (saturated stage) with the
same saturated level (Em/Ek ' 3.4×10−1 and Em/Em0 ' 3×1010).
Thus, the structure of the seed magnetic field does not affect the
growth rate (column 8 in Table 1) and the saturated level (columns
9 and 10 in Table 1) of magnetic energy in the small-scale turbulent
dynamo.
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Figure 2. (a) Time evolution of magnetic energy Em/Em0 (where Em0 is the magnetic energy at t = 0 and t0 is the eddy turnover time) for models: Uni
(solid, blue), PL (dashed, red) and Par (dotted, magneta). For t/t0 . 3 (transient phase), the uniform seed magnetic field (Uni case) grows very quickly
whereas the random fields decays. Then, once the magnetic field becomes the eigenfunction of the induction equation, all three seed fields grow exponentially
(dash-dotted, black) with very similar growth rates (shown with associated errors in the legend). Finally, the field saturates for all of them (t/t0 & 50) due to
the back-reaction of the magnetic field by the Lorentz force. In the legend, after the simulation name and the fitted function to quantify growth rate, we provide
the final saturated level in terms of Em/Ek and Em/Em0. The saturated level magnetic level is also the same for all three seed fields, Em/Ek ' 3.4 × 10−1
and Em/Em0 ' 3 × 1010. (b) Same as (a) but with a linear scale on the y-axis to highlight the transition region from the kinematic to saturated stage. In the
transition region, the magnetic field grows linearly with time (as shown by the dash-dotted, black lines), and we find that this linear growth rate is roughly the
same in all three seed-field cases (fit parameters and uncertainties are shown in the legend).
In the kinematic stage of the small-scale dynamo, the back-
reaction of the magnetic field on the velocity field is negligible be-
cause the magnetic field is very weak. Thus, the exponential ampli-
fication in the kinematic stage can be achieved by a linear operator
on the seed field. When the magnetic field becomes strong enough
to back react on the flow, the non-linearity kicks in and the ex-
ponential growth rate slows down (shown in Fig. 2(a)). Then the
magnetic energy evolves linearly with time as shown in Fig. 2(b)
(also seen by Cho et al. 2009). The growth rate, even in this tran-
sitional phase, is roughly the same for all three seed-field cases, as
quantified by a linear fit (dash-dotted black lines), with the fitted
slopes listed in the figure legend. The magnetic field finally reaches
a statistically saturated state, where any memory of the seed field is
expected to be lost.
3.2 Magnetic field spectra and coherence lengths
Now we take a look at the spectral properties of the magnetic fields
in the three runs, as they evolve from the seed to the kinematic
stage, and finally to the saturated stage. Fig. 3(a) shows the shell-
averaged magnetic power spectrum for all three seed field cases
(Uni, PL, and Par) at various times in their magnetic field evolu-
tion. In the seed-field stage, all three cases have a very different
spectral shape. The power for the uniform seed-field case (Uni)
only exists at k = 0. For the random field cases (PL and Par), the
power is spread over a range of wavenumbers (2 ≤ kL/2pi ≤ 20)
with the power distributed as a power law (slope 3/2; PL), or lo-
calised in wavenumber space with a parabolic function peaking
at kL/2pi = 20 (Par). The field for all three cases spreads very
quickly in wavenumber space and occupies power on a range of
scales. In the initial transient phase, before the magnetic energy en-
ters the exponential growth phase, Em/Em0 ≈ 102 in Fig. 2(a) for
Uni, the spectra show higher power on larger scales in Uni than
in PL and Par. This is due to additional tangling of the mean field
in Uni. Then the magnetic field in the kinematic stage follows a
Kazantsev k3/2 spectrum (Kazantsev 1968) for low wavenumbers
(1 ≤ kL/2pi ≤ 10) and the spectra become flatter as the mag-
netic field saturates. For all three seed-field cases, the magnetic field
spectrum is very similar in their respective kinematic and saturated
stages.
Based on the magnetic field spectrum, we also calculate the
coherence length (normalised to the numerical domain size, L),
`b/L, of the magnetic fields for all three cases using Eq. 6. The
time evolution of `b/L is shown in Fig. 3(b). For 10 ≤ t/t0 ≤ 20
(kinematic stage), 〈`b/L〉, is approximately equal to 0.082±0.002,
0.081± 0.003, and 0.081± 0.002 for Uni, PL, and Par, respectively
(where 〈· · · 〉 denotes average over time and the reported error is
one standard deviation). The corresponding values in the saturated
stages (t/t0 ≥ 60) are 〈`b/L〉 = 0.20 ± 0.01, 0.19 ± 0.02, and
0.19 ± 0.01. The magnetic field coherence length is higher in the
saturated stages as compared to the kinematic stage. However, the
coherence length, which is different to begin with (by construc-
tion), eventually becomes very similar in the kinematic stage and
saturated stages for all three seed-field cases.
3.3 Magnetic field morphology
After confirming that the time evolution and the magnetic field
spectra (and coherence lengths) are not affected by the structure
of seed magnetic fields, we explore the effect of the seed field on
the structure of the small-scale dynamo generated magnetic fields.
In Fig. 4, we first show two-dimensional slices with vectors rep-
resenting (bx/ brms, bz/ brms), and with the colour showing the
normalised magnetic energy b2/ b2rms for all three seed-field cases
(Uni, PL, and Par) and for all three stages of the small-scale dy-
namo (seed, kinematic stage, and saturated stage). The seed fields
(first row in Fig. 4) show a uniform field for the Uni case and
random fields for PL and Par cases, as expected, with structures
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Figure 3. (a) The shell-averaged magnetic power spectrum for models: Uni (solid, blue), PL (dashed, red), and Par (dotted, magenta) at various stages of their
magnetic field evolution (Em/Em0 ≈ 1, 102, 104, 106, 108, 3 × 1010). Initially, the seed field (Em/Em0 ≈ 1), even for the localised parabolic field (dashed,
magenta), quickly evolves to have power at a range of wave numbers (see Fig. 2(a) for different times at which the amplification of Em/Em0 ≈ 102 is achieved
by different seed fields). The spectrum for the seed field for Uni shows power on scales larger than the random field cases (PL and Par). But once the fields
reach the kinematic stage, the power spectrum for all three seed field cases is very similar and follows the Kazantsev k3/2 spectrum at lower wave numbers
(1 ≤ kL/2pi ≤ 10). The field then saturates with its power spectrum becoming flatter on larger scales. The power spectrum for all three seed-field cases is very
similar in the kinematic and saturated stages. (b) The coherence length `b/L calculated using Eq. 6 for all three seed-field cases, Uni (solid, blue), PL (dashed,
red), and Par (dotted, magenta), as a function of time, t/t0 (refer to Fig. 2(a) for converting the time value on the x-axis to the amplification factor, Em/Em0).
In the legend, the average of the coherence length and one standard deviation variation (reported as error) in the kinematic (10 ≤ t/t0 ≤ 20) and saturated
(t/t0 ≥ 60) stages are given. Even though all three magnetic fields have very different correlation length in the beginning, they end up having very similar
correlation lengths in the kinematic and saturated stages. The coherence length is higher in the saturated stage compared to the kinematic stage, because the
field develops more large-scale power once it saturates.
smaller in size for the Par case. In the kinematic stage (second row
in Fig. 4) and saturated stage (third row in Fig. 4), the magnetic field
structures are statistically very similar for all three cases. The struc-
tures in the kinematic stage are bigger in size (visually) than the
saturated stage (consistent with the discussion in Seta et al. 2020).
This also agrees with the higher coherence length in the saturated
stage in comparison to the kinematic stage as previously shown in
Fig. 3(b).
3.4 Probability density functions (PDFs) of the magnetic field
In Fig. 5, we show the PDFs for the z component of the magnetic
field bz/ brms and the magnetic field strength b/ brms for all three
seed magnetic fields for the seed, kinematic, and saturated stages.
For both figures in the kinematic and saturated stage, the shaded
region around the lines shows the 1-sigma variations around the
mean value. The PDFs for PL and Par follow a Gaussian distri-
bution for bz/ brms and a χ2 distribution (the sum of the square
of independent normal distributions) for b/ brms. In the kinematic
stage, the magnetic field is more intermittent (even after taking into
account the statistical fluctuations), as shown by heavier tails for
the higher values of bz/ brms and b/ brms in Fig. 5(a) and Fig. 5(b),
respectively. Thus, the saturated stage is more Gaussian or volume
filling than the kinematic stage (this has also been shown before by
a variety of approaches in Seta et al. (2020)). However, the PDFs
are statistically similar for all three seed magnetic fields (so even
the statistical moments of the small-scale random magnetic fields,
including higher-order ones, will also be similar for all three seed-
field cases). Thus, based on Fig. 4 and Fig. 5, we conclude that the
configuration of the seed magnetic field does not affect the statisti-
cal structure of the field later on, in both the kinematic and saturated
stages of the small-scale dynamo.
3.5 Dependence on the seed magnetic field strength, the
magnetic Reynolds number, and the sonic Mach number
In the previous subsections, we compared three different magnetic
seed-field configurations, and showed that the resulting dynamo
growth rates, saturation levels, and field properties are indepen-
dent of the choice of the seed-field configuration. However, we only
showed this for one particular set of MHD turbulence parameters,
i.e., for an seedMA = 3.5 × 105,M = 0.1, and Re = Rm = 2000,
i.e., Pm = 1. Here we determine whether the same holds true when
we vary these parameters for the dynamo in various additional sim-
ulations listed in Table 1.
We show the results for varying the seed magnetic field
strength or seed Alfvén Mach number in Fig. 6 (models
UniMA35000, PLMA35000, and ParMA35000), varying the mag-
netic Reynolds number in Fig. 7 (models UniRm3000, PLRm3000,
and ParRm3000), and varying the sonic Mach number in Fig. 8
(models UniMS10, PLMS10, and ParMS10). For the change in the
seed Alfvén Mach number and magnetic Reynolds number, the re-
sults (time evolution of magnetic energy, spectra, and PDFs of the
z component of the magnetic field) follow similar trends as before.
The trends change slightly forM = 10. Fig. 8(a) shows a very
quick initial amplification of the magnetic field for all three seed-
field cases, due to the compression of the magnetic field lines (not
seen before for any M = 0.1 runs). This is also reflected in the
spectra (Fig. 8(b) for Em/Em0 ' 106), where the fields on smaller
scales are amplified more than on the larger scales (the power is
non-zero on all scales for all three seed-field cases). Once the mag-
netic field reaches the kinematic stage, the spectra for all three seed
fields are equal and remain the same also in the saturated stage.
The PDFs in the saturated stage are more intermittent than in the
kinematic stage, but the PDFs both in the kinematic and saturated
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Figure 4. Two-dimensional slices in the xz plane with vectors representing (bx/ brms, bz/ brms) and the colour showing the magnitude of the normalised
magnetic energy b2/ b2rms for all three seed fields: Uni (first column), PL (second column), and Par (third column) in the seed (first row), kinematic (second
row), and saturated (third row) stages. The seed magnetic field is uniform for the Uni case (first row, first column) and is random for the PL (first row, second
column) and Par (first row, third column) cases with the PL seed field visually showing structures slightly larger than that for the Par field. For the kinematic
and saturated stages, the fields looks very similar for all three cases. The magnetic fields in the saturated stages show structures larger than that in the kinematic
stages.
stages are more intermittent for theM = 10 case than for any of
theM = 0.1 cases (compare the x-axis values and the heavy tails
at higher values in Fig. 5a and Fig. 8c). However, the growth rate
and the structure of the magnetic fields in the kinematic and sat-
urated stages, even for the M = 10 case, are unaffected by the
configuration of the seed field.
The overall conclusions, even with changes in the plasma pa-
rameters, remain the same as before: the structure and strength of
the seed magnetic fields do not affect the growth rate, final satura-
tion level, shape of the magnetic power spectrum, and the statisti-
cal structure of the small-scale dynamo generated magnetic fields.
Thus, the detailed properties of the seed field or even their various
generation mechanisms are relatively unimportant when studying
evolved magnetic fields that were amplified by the turbulent small-
scale dynamo.
4 DISCUSSION
From our results, we show that the seed magnetic field informa-
tion is lost (within a few eddy turnover times, as seen in Fig. 2(a),
Fig. 6(a), Fig. 7(a), and Fig. 8(a)). Then the dynamo-generated
magnetic field reaches a statistically similar state for all three seed
fields, which is determined by the properties of the turbulence (such
as Re andM) and magnetic resistivity (or equivalently Rm). This
also shows that the small-scale dynamo is very efficient in ampli-
fying (given that Rm is greater than its critical value, Rm(crit)) any
non-zero seed field.
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Figure 5. (a) The probability density function (PDF) of the normalised z component bz/ brms of the magnetic fields for models with all three seed-field
cases: Uni (solid, blue), PL (dashed, red), and Par (dotted, magenta), in the seed, kinematic, and saturated stages. The shaded regions (shown in different
colours) around the PDFs indicate the 1-sigma variations when averaged over 10 eddy turnover times (t0) in the kinematic (10 ≤ t/t0 ≤ 20) and saturated
(80 ≤ t/t0 ≤ 90) stages. The PDFs for all three seed-field cases are very similar in both the kinematic and saturated stages, with the field being more
intermittent (or equivalently non-Gaussian) in the saturated stage (shown by heavy tails in the kinematic stage for values |bz |/ brms & 4). (b) The PDF of
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Figure 7. Same as Fig. 6, but for Rm = 3000 (models UniRm3000, PLRm3000, and ParRm3000).
MNRAS 000, 1–11 (2020)
Seed magnetic fields and small-scale dynamos 9
0 20 40 60 80
t/t0
101
103
105
107
109
1011
1013
E
m
/
E
m
0
(a)
UniMS10,
e(0.61± 0.09) t/t0,
(3.6± 0.9)× 10−2,
(4.7± 1.1)× 1013
PLMS10,
e(0.62± 0.03) t/t0,
(3.6± 0.5)× 10−2,
(4.4± 0.7)× 1013
ParMS10,
e(0.59± 0.06) t/0,
(4.7± 0.7)× 10−2,
(6.0± 0.9)× 1013
100 101 102
k
10−15
10−13
10−11
10−9
10−7
10−5
10−3
10−1
M
k
Em/Em0 ≈ 1
Em/Em0 ≈ 106
Em/Em0 ≈ 107
Em/Em0 ≈ 109
Em/Em0 ≈ 1011
Em/Em0 ≈ 5× 1013
(b)
B0 6= 0
B0 = 0 (PL)
B0 = 0 (Par)
k3/2
−12 −8 −4 0 4 8 12
bz/brms
10−5
10−4
10−3
10−2
10−1
100
P
D
F
seed
fields
saturated stages kinematic stages
(c)
UniMS10
PLMS10
ParMS10
N (0, 1/3)
Figure 8. Same as Fig. 6, but forM = 10 (models UniMS10, PLMS10, and ParMS10).
0 5 10 15 20
t/t0
0
2
4
6
8
10
12
E
m
/
E
m
0
,
E
k
UniRm100, 4.74± 0.01(t/t0),
(6.6± 0.9)× 10−11, 9.5± 0.9
PLRm100, decaying,∼ 0,∼ 0
ParRm100, decaying,∼ 0,∼ 0
Ek× 103
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ParRm100 (dotted, magenta) and the time evolution of (scaled) turbulent
kinetic energy Ek is also shown (dashed, green). Only the case with a uni-
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is exponential) with slope similar to that of the turbulent kinetic energy
Ek. None of these runs shows dynamo amplification, because the magnetic
Reynolds number is less than the critical value.
4.1 Small-scale magnetic fields generated by the tangling of
the large-scale field
If Rm < Rm(crit), the small-scale dynamo is inactive. However, for
the case with non-zero mean seed field (UniRm100), small-scale
magnetic fields can still be generated by the tangling of the large-
scale (or mean) uniform seed field (see Appendix A in Seta et al.
2018, for discussion on various mechanisms by which small-scale
magnetic fields can be generated). Such a mechanism is only appli-
cable in systems, such as spiral galaxies, where the large-scale field
is maintained by other processes, i.e., α − Ω large-scale dynamo
(Krause & Rädler 1980; Shukurov & Sokoloff 2008; Chamandy
et al. 2014) or cosmic-ray driven dynamo (Parker 1992; Hanasz
et al. 2004). In our simulations, the large-scale uniform field is
maintained at all times because the MHD equations (Eq. 1–Eq. 4)
preserve the net seed magnetic flux in a triply periodic numerical
domain.
We demonstrate the growth of small-scale magnetic fields
by the tangling of the uniform seed field in Fig. 9 by choosing
Rm = 100 < Rm(crit)(≈ 165). In Fig. 9(a), we show the evolu-
tion of magnetic and turbulent kinetic energies for models with all
three seed field cases (UniRm100, PLRm100, and ParRm100). The
magnetic energy only grows (linearly) for the case UniRm100 and
decays for the other two cases (PLRm100 and ParRm100).
Analytically the total magnetic field (B) in the induction equa-
tion can be divided into the small-scale, random (b) and large-scale,
mean (B0) field. Substituting in Eq. 3, we get
∂(b + B0)
∂t
= ∇ × (v × (b + B0)) + η∇2(b + B0). (7)
Since B0, in comparison to b, varies over a much larger spatial and
temporal scales (here, B0 is constant in space and time), we can
simplify Eq. 7 further as,
∂b
∂t
= ∇ × (v × b)︸       ︷︷       ︸
stretching and compression
+ ∇ × (v × B0)︸         ︷︷         ︸
tangling of the large-scale field
+
η∇2b.︸︷︷︸
magnetic diffusion
(8)
The first term on the right-hand side of the Eq. 8 represents the
amplification of the small-scale magnetic field due to the stretch-
ing and compression of magnetic field lines by the turbulent ve-
locity. The second term on the right-hand side of the Eq. 8 repre-
sents amplification of the magnetic field due to the tangling of the
large-scale field by the turbulent velocity. The last term in Eq. 8
represents magnetic diffusion. Initially, for a uniform seed field
(UniRm100), the first and third terms in Eq. 8 are negligible since
the small-scale field is very small (zero to start with) and the mag-
netic power is negligible on smaller scales where the diffusion is
primarily active. Once the small-scale magnetic field grows, the
other two terms in Eq. 8 can no longer be ignored, especially the
diffusion term which becomes quite significant because the mag-
netic power is non-zero on smaller scales. The field eventually
reaches a statistically steady-state caused by the competition be-
tween tangling and diffusion.
4.2 In the absence of active turbulence
Our main conclusion from this study, namely that the strength and
structure of the seed magnetic field do not affect dynamo ampli-
fication holds true only for regions with a significant level of tur-
bulence. In contrast, for low-density regions with negligible turbu-
lence, (e.g., voids of the large-scale cosmic structure), the evolved
magnetic fields still have imprints of the seed field (can be seen
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in the results from the IllustrisTNG cosmological simulations; see
e.g., figures 14 and 19 in Marinacci et al. 2015). From the ob-
served limits of the magnetic field strengths in voids (Neronov &
Vovk 2010; Tavecchio et al. 2011; Tiede et al. 2020), it is unclear
whether they are primordial (early Universe) or developed later in
the history of the Universe due to galactic winds (Bertone et al.
2006; Samui et al. 2018) or outflows from AGNs (Furlanetto &
Loeb 2001).
Observations of magnetic fields in young galaxies (Bernet
et al. 2008; Mao et al. 2017; Malik et al. 2020) confirm the pres-
ence of strong µG fields, comparable to the magnetic field strengths
observed in the Milky Way (Haverkorn 2015), and in nearby spiral
galaxies (Fletcher et al. 2004, 2011; Beck 2015, 2016). The present
observations of magnetic fields, even in young galaxies, cannot
help us distinguish between various seed-field generation scenar-
ios (especially astrophysical vs. primordial) because any seed-field
information is lost very early on in the evolution. However, pri-
mordial magnetic fields can still be studied via other observational
probes (see, e.g., table 1 in Subramanian 2016).
5 CONCLUSIONS
We studied the effect of the strength and structure of seed mag-
netic fields on the small-scale turbulent dynamo action via numer-
ical simulations. Motivated by various seed-field generation mech-
anisms, we select three possible seed-field configurations: uniform
field (B0 , 0, Uni), random field with a power-law spectrum
(B0 = 0, PL), and random field with a parabolic spectrum (B0 = 0,
Par). Based on our results, we arrive at the following conclusions:
• The magnetic field growth rate in the kinematic stage, and the
final saturated amplification level are not affected by the strength
and structure of the seed field (Fig. 2(a)).
• The spectrum, though very different for all three seed-field
cases, quickly spreads over a range of wave numbers, and is statisti-
cally similar in both the kinematic and saturated stages for all three
cases (Fig. 3(a)). The computed coherence length of the magnetic
field is lower in the kinematic stage as compared to the saturated
stage, but is very similar for all three seed-field cases (Fig. 3(b)).
• Even though all three seed fields have very different spatial
structure (first row in Fig. 4), the magnetic field structure in the
kinematic and saturated stages is statistically similar for all three
seed-field cases (Fig. 4(b), Fig. 4(c), and Fig. 5).
• Above conclusions are not altered by changing the seed field
strength or the seed Alfvén Mach number (Fig. 6), magnetic
Reynolds number Rm (Fig. 7), or turbulent sonic Mach number
(Fig. 8).
• The seed-field information is lost, since the small-scale tur-
bulent dynamo is very efficient in amplifying seed fields of any
form, as long as it is non-zero and the magnetic Reynolds number
is greater than its critical value. The details of the seed field or their
various generation mechanisms are not important when studying
the magnetic field amplified by the small-scale turbulent dynamo.
• Even when the small-scale dynamo action is not active, a weak
small-scale magnetic field can be generated and maintained by the
tangling of the large-scale magnetic field (if present) (Fig. 9). The
tangled small-scale magnetic field in such a case only grows lin-
early and then saturates once the diffusion term balances the tan-
gling term (Eq. 8).
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